[ Abstract: We will give the proof of the No-retraction theorem for 2 and 3 dimensional case using only elementary concepts from point-set topology. ]
Introduction
The no-retraction theorem is a well known theorem and a very important theorem in topology. In fact the Brouwer fixed point theorem and no-retraction theorem and the essential mapping theorem are equivalent. There are simple proofs of these using homotopy or homology. There is also a solution using Calculus. But we would like to give a new way of looking at this problem and we will solve it using point-set topology.
No-retraction theorem
We will first prove the no-retraction theorem for 2-dimension case. Using a lemma we will prove it for 3-dimension case.
So let us now start by proving a lemma.
Then there is a path
γ : [0, 1] → ∂C such that γ(0) = a = γ(1).
Proof
We will algorithmically construct the path γ. Now, since a ∈ ∂B 1 and a ∈ ∂B i ∀ i = 1, by property of R 2 we can say that there exists two ways from a along the boundary of C. Let us name them positive direction (keeping C to the right) and negative direction (keeping C to the left).
Let a = a 0 . Let us start moving along ∂C in the positive direction until we meet a point a 1 ∈ ∂B i 0 , 1 and proceed in the same fashion.
Like this if we go on we get points say a = a 0 , a 1 , a 2 , ..., a k , ... such that for all i = 0 a i is an intersection point of boundary of two balls and that between a i and a i+1 there is no point common to two balls.
We 
We now give a path from a 0 to a 1 using ∂B ∩ D 2 . By Lemma 1 starting from a 0 there exists a path along the boundary of B so that we come back to a 0 . Now, there are only two directions on ∂B to proceed from. One of them is inside D 2 and the other is outside. So the path we constructed had to cut S 1 at some other point other than a 0 which is a 1 . So a 0 and a 1 are connected by a path lying inside D 2 . Let this path be P. Now, S 1 \{a, b} ∪ P is connected and the image of this under f is S 1 \{a, b} because the path avoided A and B.
This is a contradiction as the domain is connected but the image is not. So our assumption of f was wrong. Hence we have proved our theorem. 2
We now prove the No-retraction theorem for the three dimension case. For that we begin by stating Lemma 2 below which is a straight forward extension of Lemma 1; in particular, the proof of Lemma 1 is easily adopted to the situation. 
Lemma 2 Let S be a 2-dimensional topological manifold in
Then there exists a path γ from a to b lying in S and avoiding C.
Proof of Remark 1
If (C ∩ ∂S) = φ then one of the arcs A or B will give the required path else Lemma 2 and the process described in Theorem 1 can be used to construct the required path. 
